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Three-Dimensional Vortex Theory of Axial Compressor
Blade Rows at Subsonic and Transonic Speeds

OLTJFEMI OKTJROTJNMU* AND JAMES E. McCuNE j
Massachusetts Institute of Technology, Cambridge, Mass.

The three-dimensional, inviscid, small-perturbation, compressible flow past a lifting axial
compressor rotor is analyzed. Because of its three-dimensional nature the solution applies
for transonic as well as subsonic relative speeds. A potential solution is constructed, repre-
senting B lifting blades each with bound vorticity of total strength F(r). If F(r) is nonuni-
form, vorticity is shed downstream, which in turn induces a modified flowfield at the rotor.
In addition, for supersonic relative tip Mach numbers, acoustic radiation occurs. Both of
these effects introduce drag at the blades. Given F(r), or the mean change in circumferential
velocity, the first-order static and total pressure rise, axial velocity change, etc., are deter-
mined. A second-order calculation yields the power required, including the effects of induced
and wave-drag. An ideal efficiency is defined which indicates the penalty associated with de-
parture from constant work design, as well as with losses due to acoustic radiation. For a 20%
variation of F across the blade span, the combination of both types of losses for a typical, but
lightly-loaded, transonic rotor are of the order of 0.5%.
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Nomenclature
unperturbed speed of sound, far upstream of

rotor, a2E= y[(p)-m/cr-.m]
coefficients of eigenfunctions
number of blades
local blade chord, axial projection of local chord
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1 — /I2 J h
circumferential and axial components of force on

blade at each section
hub-to-tip ratio, TH/TT
static enthalpy
total enthalpy in duct coordinates, rotor coordi-

nates
modified Bessel function of first kind, order n
Bessel function of first kind, order n
index
modified Bessel function of second kind, order n
radial eigenvalues
lift per blade at each section
blade spacing at the tips, LT = 2irrT/B
axial mach number of undisturbed flow, M =

U/a
unperturbed relative Mach number at each sec-

tion, Mr
z = [Uz/az](l + co2r2/t/2)

Mr evaluated r = TT
index
Neumann function, order n
pressure perturbation, reference static pressure
total pressure, duct coordinates
reference total pressure, duct coordinates
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radial coordinate
hub radius, tip radius
orthonormal radial eigenfunctions =

time variable
torque required by rotor
unperturbed axial speed, far upstream of rotor
unperturbed relative speed, far upstream of rotor,us = um + p2)
axial perturbation velocity, u — d<p/dx
circumferential perturbation velocity, v = (1/r)

duct coordinates);

radial velocity component
rate of work done by rotor
axial coordinate (rotor or

Z(PT,PH) = defined below Eq. (5)
ft = (1 - M"2)1/2

7 = ratio of specific heats
r(r ) = blade circulation at each section
5 = mean turning angle viewed in rotor coordinates
£• = helical variable, B — z
r] = dimensionless radius, T/TT'

— circumferential coordinate, rotor coordinates
= eigenvalue for axial eigenfunctions, Eq. (7)

dimensionless radial coordinate, cor/ £7
perturbation mass density
reference mass density, far upstream of rotor
perturbation velocity potential, rotor coordinates
tan/)"1, complement of local stagger angle
XnB(nBP), seeEqs. (4) and (5)
angular speed of rotor

Superscripts
Ujd = upstream, downstream of rotor
w = quantity associated with wakes (Reisner) poten-

tial
(1),(2) = first- and second-order results, respectively

Subscripts

i
r,d

= indicates quantity far upstream of rotor, or a
reference quantity when acoustic radiation is
present

= indicates quantity evaluated as z —*• -f- °o
= index indicating change in cyclic constant across

wakes
= quantity "induced" by wake flow when r ^ const
= rotor and duct coordinates, respectively
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= quantity associated with acoustic radiation
= partial differentiation with respect to p, etc., as

indicated

Special notation
{ ) = circumferential average
A( ) = * [ ( ) * - ( )*]* = (>
( )' = prime denotes differentiation with respect to

argument, except as noted below Eq. (5)
<$^ ^> = average over flow annulus

I. Introduction

IN the following, the basic three-dimensional solution for
the linearized compressible potential flow through a lifting

axial compressor rotor is developed. Because of its three-
dimensional nature the solution can be applied for subsonic,
transonic, and supersonic relative Mach numbers at the rotor
tip. In the present paper the axial Mach number is assumed
less than unity, corresponding to situations of current major
interest; however, the method can be modified easily to treat
the problem with supersonic axial flow if desired.

In Sec. II, the elementary (Green's function) solution of
the potential equation for a lifting rotor in compressible flow
is obtained, representing B bound vortex lines of strength
F(r), rotating at constant speed in an annular duct of infinite
axial extent. The undisturbed velocity far upstream of the
rotor is assumed subsonic and purely axial. When F(r) is
not a constant (" constant work" design) free vorticity is
necessarily shed downstream of the rotor blades, with a
strength proportional to dT/dr. In the linearized approxi-
mation, this leads to a set of B helical vortex sheets (viewed
in the rotating coordinate system fixed in the rotor blades)
trailing downstream of the rotor with speed (172 + o>V2)1/2 ==s
Ur- In rotor coordinates the flow is steady.

The aforementioned trailing vortex sheets induce a ve-
locity field that modifies the flow seen by the rotor. In addi-
tion, of course, each of the bound vortex lines (or blades—
see below) affects the flow as seen by each of its neighbors.
In analogy with the usual wing theory, an "induced drag"
results from the trailing helical sheets ("wakes") of shed
vorticity, and this modifies the power required to drive the
rotor (Sec. IV).

For many purposes, the flow upstream and downstream of
the rotor is not particularly sensitive to the details of the
chordwise loading or camber. In this case we may simply
regard F(r) of the elementary solution itself as the local
chordwise integral of the distributed bound vorticity repre-
senting the blades (i.e., the blade circulation). We adopt
this approach in Sec. III. For example, F(r) exactly specifies
the mean swirl induced by the rotor, independent of the
chordwise loading. Using this point of view, we develop in
Sec. Ill certain "integral relationships" between T(r) (or
the turning angles) and the first-order static and total pressure
rise produced by the rotor, as well as the first-order torque
required.

In Sec. IV we extend the results of the linear theory by
computing the required rotor power correct to second order
in first-order quantities. The results enable us to define an
"ideal efficiency," indicating the power loss associated with
nonuniform F (departure from "constant work" design) as
well as that due to acoustic radiation when the relative tip
Mach number is supersonic. (To obtain the latter result we
must allow a finite chord for the blades, i.e., the bound vor-
ticity must be distributed over finite helical surfaces as in the
lifting surface theory, the development of which will be re-
ported later. For this purpose we use here an elementary
version of the latter theory in which the distributed vorticity
is given by F(r)/c(r), where c(r) is the local chord of the
blades.)

Although our basic theory is in fact an isentropic one, we
are able to define the aforementioned "ideal efficiency" by

reference to an "equivalent constant work state" defined as
that corresponding to a uniformly loaded rotor with the same
mean loading as the actual rotor. The definition of the ideal
efficiency is discussed more completely in Sec. IVa.

We recognize, of course, that the over-all efficiency loss—
and/or increase in drag—in axial compressor stages is largely
attributable to a combination of viscous and nonlinear com-
pressibility effects not included in the present theory. It is
our hope here, however, to indicate what portion of efficiency
decrement may occur in a compressor even in the absence of
viscous effects, particularly as one departs from design-point
operation.

Numerical results for the ideal efficiency are presented and
discussed in Sec. V.

Our first task in analyzing the flow through the blade row
is a study of the wakes of shed vorticity which will arise if
F 7^ const. Far downstream of the rotor, helical symmetry
of the flow will develop (except for acoustic radiation when
the rotor tip Mach number is supersonic) and this helical
flow becomes effectively incompressible. Reissner1 analyzed
the incompressible flow through a screw propeller in free air
by constructing a solution for the velocity potential across
the trailing helical sheets. Reissner's method was later
adapted by Davidson2 in an attempt to obtain the solution
for the compressible flow through a ducted propeller. The
present study is a further adaptation of Reissner's work,
with application to a compressor or a ducted fan. Com-
pressibility effects are included by adding to the far-wake
solution a complete set of eigensolutions of the full potential
equation and applying appropriate matching conditions at
the rotor plane. An error which considerably limits the
usefulness of Davidson's study is removed in the present
analysis.

The result can be viewed as the "lifting part" of the com-
plete (linearized) theory of inviscid flow through an axial
compressor blade row. The "thickness problem" was worked
out earlier.3

II. Formulation of the Problem

If we consider a blade row advancing through still air with
axial speed U and rotating with angular velocity co, and let
(xi,ri,6i,ti) be coordinates fixed in space, then the linearized
disturbance field produced by the blades satisfies the wave
equation. In terms of the velocity potential 0i(#i,ri,0i,£i) we
have

)Wc)^2 (i)
It is here assumed that in the regions of interest the flow is
inviscid and irrotational, being due to small perturbations
caused by the rotor. If we transform into coordinates (#,r,0),
which advance arid rotate with the blades, then the flow will
be steady as viewed from these coordinates. Thus, the
transformations to "rotor coordinates," x = xi + Uh, r =
TIJ 6 = 61 + Ufa, yield 0i(#i,ri,0i,£i) = <t>(x,r,0). The geom-
etry is illustrated in Fig. 1. Further, if we introduce the
parameters M = U/a and /32 = 1 — If2 and the dimension-
less coordinates z = ux/U, p = cor/[7, Eq. (1) can be ex-
pressed as

2M2<&2 = 0 (2)

Eq. (2) can also be written using the helical coordinate f s=s
0 - z, with <£(2,p,0) = tf>(z,p,f),

0V« + <PPP + (l/p)v>p + (1 + l/P2)m - 2^ = 0 (2a)

The boundary conditions on Eq. (2) or Eq. (2a) for the
present problem are that <f> change discontinuously across
the trailing helical vortex sheets emanating from the blades,
such that the change across each sheet is equal to the total
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bound circulation F(p). In addition, the potential must be
bounded at infinity, whereas the radial velocities must vanish
at the bounding walls. If acoustic radiation occurs, it must
be directed away from the rotor, both upstream and down-
stream.

A. Wake Solution

Equation (2a) reduces in the far wake, (analogous to the
Trefftz plane) to

(l/p)(p*>p)P+ (1 + l/P2)<m = 0 (3)

Equation (3) is independent of Mach number and is in fact
simply Laplace's equation, expressed in the coordinates p and
f; hence, its formal solution must be similar to Reissner's,
the difference being the presence, in this case, of bounding
walls at the hub and shroud. Taking the latter into account,
we obtain a Reissner type solution to Eq. (3), satisfying the
aforementioned boundary conditions in the form

+ nB (4)

where

X»(P) = XnB(nBP) =
K'(pT)r(pH)K(P) - K'(pT)K'(PI1)I(p)

r Kr
J PH J>'

Here, 7(p), I'(p), K(p)} K'(p) are the modified Bessel func-
tions of the first and second kind, and their derivatives.
We have adopted the shorthand notation

and

= (d/dp)KnB(nBP); K(p) = KnB(nBP\ etc.

= K'(PT)I'(PH] - K'(PH)I'(PT)

In obtaining the form of Eq. (5) for the functions %n(p)
we have made frequent use of the Wronskian

I«(x)(d/dx)Kn(x) - Kn(x)(d/dx)In(x) = -l/x
and have integrated once by parts in each of the integrals.
In this form one sees immediately that each Xn vanishes if
F = const. The wake solution Eq. (4) satisfies the bound-
ary conditions at the walls whether or not dT/dr = 0 at rH
and TT>

The function f i appearing in Eq. (4) is a periodic ("saw-
tooth") function that varies linearly with f between the blades,
but changes discontinuously (by an amount 2ir/B) across each
blade—or its associated trailing vortex sheet for z > 0—as
described in Ref. 1.

In interpreting this discontinuous part of the wake po-
tential, it is helpful to recall that it is intended to represent
the discontinuity in potential across the wakes of free vorticity
trailing behind the blades; thus only the radial component of
velocity (d<£/dr) is discontinuous at the wakes (with dis-
continuity proportional to dT/dr) while u = d^/bx and
rv = d</>/50 are continuous there. Hence we must take
5fj/d0 = 1, dfj/dz = — 1. The index I simply indicates
the change in cyclic constant associated with <t> in each suc-
cessive sector between the blades or their associated wakes.

B. Complete Solution

The complete solution to Eq. (2) is obtained by adding to
the wake solution a complete set of eigensolutions of Eq. (2),
in such a manner that the combined solution satisfies the re-

quired boundary conditions and the additional physical re-
quirements of continuity of mass flow at z = 0. We begin
by noting some obvious special solutions of Eq, (2)

<t>[l] = Cz, 0[2] = D6, <t>™ - Kf
Of these, only the first (</>[1]) will be needed; indeed, its in-
clusion in the downstream flowfield is essential for mass
conservation. This vital fact was overlooked in Ref. 2.

If we now look for solutions of Eq. (2) proportional to exp
(inBd) we find the additional doubly-infinite set of eigen-
solutions
<t>nk

u>d = A exp(m£0) =t \nk)z] X
RnB(Knkp/pT) (6)

where
\nk =

The cylinder functions JKwj?CKn*p/pr} are normalized, linear
combinations of Bessel and Neumann functions, and their
properties are fully described in Refs. 3 and 4. The coeffi-
cients Anku'dj for regions upstream and downstream of z = 0,
are determined by the matching conditions described below.
The eigenvalues Knk are such that RnB'(Knk) = RnB'(hKnk) =
0. The sign of \nk in Eq. (7) is chosen so that when \nk is
real, the perturbations die out at large distances upstream
and downstream from the rotor, while for imaginary values
of \nk, the propagating disturbances have a higher pitch up-
stream than downstream.4 Thus,

>tt = E E -E
= E E E

The coefficients Ank
u^d and C occurring in these expressions

are determined by the matching conditions at the plane 2 = 0
corresponding to the lifting problem, namely that $ be con-
tinuous everywhere on this plane except at the blades, and no
additional mass be introduced there. The result is (real part
implied)

exp ; z < 0

z + +

V
n = l f c = l 7lB

nB (rn

exp ; z > 0 (8)

The coefficients (7, Tnk and hnk occurring in the preceding are
those resulting from expansions of the functions r(i)) and
Xn(f]) in a series of the orthonormal functions RnB(Knkr]).
Thus
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The necessity of the constant C (and hence the inclusion of
<j)M) follows from the fact that the R0's do not form a com-
plete set.5 For example

= c + = o

while

It will be seen that 4>W allows for a density change across the
rotor.

Formally, these results are obtained using the orthonormal-
ity of the radial and azimuthal eigenfunctions and the fact
that the local change in mass flow across the plane z — 0 is

Am(r,0) = ]32Au - M/f2/t/)A(n;)

Using the fact that f i (Si for z = 0) has the Fourier ex-
pansion [valid everywhere except at f = (21 + l)ir/B],

one can directly verify from Eq. (8) that
the bound vortices and that

= 0 except at

rAv =
27f

l

We see that the integral across each lifting line of this
quantity is just the circulation F(p), since, as indicated, the
middle expression is the Fourier representation of a periodic
delta-function in 6, multiplied by F(p), with singularities
located at 0 = ±TT/£, ±37r/£, . . . .

Before proceeding it is useful here to discuss a few addi-
tional features of our elementary solution. The quantities
\nk [Eq. (7) ] play a crucial role in determining the properties
of the solution. If the flow in rotor coordinates is completely
subsonic (subsonic relative Mach number at the rotor tip)
all XnA/s are real and positive. It is evident from Eq. (7) that
for imaginary \nk to occur we must have

where ps = . cors/U is the dimensionless radius of the "sonic
cylinder," i.e., the radial station at which U2 + coV2 = a2.
However, it is well known6 that the (positive real) radial
eigenvalues Knk are all greater than \nB\, the order of the
radial eigenfunctions. Hence, the preceding inequality
would require p8 < PT, i.e., it would imply that the relative
Mach number at the tips is supersonic.

Thus, within the present theory imaginary \nk occurs only
for n > 0 and MTT > 1, and in such cases our solution indicates
acoustic radiation upstream and downstream of the rotor
with an associated increase in drag and noise.

We note that for each n > 0, only a finite number of the
\nk's can be imaginary; the Knk's increase monotonically with
k so that even if p8 < pr, eventually the preceding inequality
cannot be satisfied. This leads to the definition of a kn* for
each n: we denote by &„* the maximum value of the index
k for any n such that \nk is imaginary. Clearly, kn* = 0
(for all w) if MrT < 1.

If a given \nk is imaginary we replace it by

Anfc = ifJ>nk

where the ju^'s, so defined, are real and positive.

C. Transonic Resonance

According to Eq. (7) it is also possible, if MrT > 1, for one
or more of the Xnfc's (n > 0) to vanish. Returning to the
solution, Eq. (8), we see that this leaves the coefficients unde-
fined, unless hnk = 0 (see below). This is the "transonic
resonance" effect which plays such an important role in the
thickness problem.3 As pointed out in Ref. 3, the physical
meaning of this resonance is that the corresponding upstream
and downstream eigenmodes have a perfectly matched acous-
tic impedance at the rotor plane. In that case a steady-state
amplitude of such modes cannot be achieved within the ap-
proximation of Eq. (1) if they are excited by the rotor.

To treat this situation, a slight modification of the theory
is necessary. Either by including viscous effects, as in Ref. 3,
or by including certain nonlinear terms, one is able to deter-
mine finite amplitudes for the resonant modes. We adopt
the former technique in Sec. V; discussion of the effect of non-
linear terms will be given in a later paper.

We wish to point out here, however, that for the lifting
problem the resonance is associated only with the coefficients
hnk, which vanish identically if dT/dr = 0. Hence, there is
no transonic resonance for the lifting problem if F = const.

III. General First-Order Results

All flow quantities derivable from the solution Eq. (8) are
known if the sectional circulation of the blades F (r) is specified
(the so-called "inverse" aerodynamic problem). We now use
this solution to develop relationships between F(r) and cer-
tain average flow properties of interest in compressor design.

Far downstream of the rotor the tangential velocity
(viewed in rotor coordinates) becomes

v(r,8,z- BT(p)
I 0 V ( — 2V —

B - *•* U- Q2/(-1)- X

PT
\J\— Vnk 1 ̂

(9)
while the far-wake axial perturbation velocity is

** ~>-H ( I -W-f <-,,<-, x

+ (-!)"(&»* + rwfc nB

i __ .. i., I
1 / 3 2 — ^nk I

X

(10)

As discussed in the previous section the terms involving
the sums over k in the previous expressions represent acoustic
radiation and vanish identically if MrT < 1.

In either case, subsonic or transonic, if we consider the
azimuthal average of v and u in the far wake we find simply

= BT(p)/2Trr
and

(u(r))a = - F(p)]

(9a)

(lOa)

The latter quantity is the required (average) change in axial
speed associated both with streamline displacement and
with the change in pressure (and hence density) across the
rotor. Note that (w)ro is not zero even in incompressible
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flow (/32 = 1) unless F = const, in which case C = F. This
effect is due to streamline displacement.

Equation (9a), on the other hand, yields the familiar rela-
tionship between the circulation and the mean tangential
velocity induced by the rotor. This particular result is
general and is not limited by the linearizing approximations.

To first order the static pressure perturbation is given by

p = —a-azCUu + corf)

and hence the average static pressure rise across the rotor is
quite simple

Note that this first-order quantity is independent of radius
for any F(r). However, "radial equilibrium"—satisfaction
of the radial momentum balance, which requires a radial
pressure gradient associated with v(r,8yx)—plays an important
role in second-order calculations. (Note that because of
the convention we have used in defining F(r), it is negative
for a blade section which is doing work on the gas in duct
coordinates.)

The static pressure rise across the rotor tends to be a strong
function of the axial Mach number. In contrast, the average
total pressure ratio across the rotor (in duct, rather than
rotor, coordinates and to first-order in disturbance quantities)
is given by

yMzpTT(p)/ULT

+ [(7 - (12)

where we have introduced the blade spacing at the tips,
LT = ZTTTT/B. The total pressure rise is a weaker function
of Mach number than is (p)^ and is independent of radius
only for constant work design.

A first-order momentum balance across the rotor reveals
that the axial and tangential components of the force on
the blades are given by the classical formulas applied at
each radius

The total torque delivered by the rotor to the fluid is, to
first order,

= -(r-mUBr * fl
J h

(14)

where ex is the unit vector in the axial direction. If we de-
fine the torque coefficient as CT = (T(1) •ea;)/(7_GOU'2rr3 then

CT = -7r(l - (14a)

Eliminating C between Eqs. (11) and (14) we obtain the
relationship between torque input and the static pressure rise
across the rotor [here, Cp = (p)00/(o-_00t/2/2)]

Cp = (2pT/P*)CT/(l - (15)
Within the small-perturbation approximation of the present

theory the mean turning angle d induced by the rotor (viewed
in rotor coordinates) is determined by $«, = (<£ — d) =
tan-1[(wr + Woo)/((7 + <w)oo)], which, according to Eqs.
(9a) and (lOa), yields

d = -(l/77)[r(77)/t/LT][l - (C//3T)p2/(l + p2)] (16)

If F = const, so that C = F, this becomes

5* = -C/r}ULT/32 cos2(Kp)[l - M2/cos2(/>(p)] (16a)

Note that d changes sign along the span if the relative Mach
number M/co$4> exceeds unity, even though the swirl [Eq.
(9a)], sectional work, and circulation all remain of the same
sign. This is an important effect of compressibility; it also
reflects our assumption of isentropic flow, which excludes
shock turning.

RELATIVE WIND,
ROTOR-FIXED COORDINATES

Fig. 1 Flow is steady in rotor coordinates. Relative un-
perturbed speed Ur is (f/2 + co2 r2)1/2.

We now introduce the local two-dimensional lift coefficient
of a blade section of chord 0(17)

CL(rj) =

and its average defined by

CL ̂

Then, for example

C
ULT

= -CL ^- r1
1 - h* J h LT

where the term in braces is a geometrical factor depending
on the hub-to-tip ratio, stagger angle, and solidity of the
blading. In the particular case for which the axial projec-
tion, cax, of c(rj) is a constant, this becomes

C_ -Cz.[2(l -fe2) + pr'2(l ~ f e 4 ) ] C.*
ULT 4(1 -

and

= Or/4) [2(1 - h*) + (17)

The mean induced tangential velocity at each radius can
also be expressed in terms of CL(T]) :

-(v)JU = [(I + prV)1/2/2][c(i7)ALr]CL(77) (18)

The advantage of expressions such as Eqs. (17) and (18)
is that they contain explicitly the geometrical properties of
the cascade as well as the section lift coefficient, all quantities
whose typical values are familiar or readily estimated.

IV. Second-Order Calculations — Power
Required and Ideal Efficiency

In this Section we extend the results of the linear theory
by using them to derive certain relationships correct to
second order in first-order quantities. If we carry out an
angular momentum balance across the rotor, using the control
volume indicated in Fig. 1 and retaining terms of second
order, we find the appropriate generalization of Eq. (14),
giving the total (integrated) torque required to drive the
rotor. The result is T<2> =3 T^exj where

^Ur^B f
J h

* f ^ dd f
J O J h

Here, dx =s co cax/C7, assumed independent of r for simplicity
(see below).

The leading term in Eq. (19) will be recognized as being
identical to the "first-order" result Eq. (14). The second-
order contributions in Eq. (19) are obtained by using the
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B = 40, h = 0.8 Cax/LT= 1.06

-i = .+b» D = (TT-rH)/C

FOR M = 0.5 ps= 1.333

M = 0.6 Ps= 1.732

0.9 1.1 1.3 1.5 1.7 1.9 2.1

Fig. 2 Normalized ideal efficiency decrement.

first-order expression for the perturbation density in terms
of u and v. [Only momentux flux terms appear in Eq. (19)
although the flow in duct coordinates is unsteady. Equa-
tion (19) is nevertheless complete because the integral over
the volume of the rate of change of angular momentum
density vanishes identically.]

Ordinarily, a calculation of this kind would be subject to a
"second-order error'7 since we have used the first-order ex-
pression for v in the leading term. However, as pointed out
below Eq. (9a), the relation between

27T/B

ddv(r,6)r

and F(r) is actually exact and hence the leading term in Eq.
(19) is in fact correct to all orders.

This result can also be obtained independently through an
energy balance (flux of enthalpy) which yields the power re-
quired, namely Tf/(2) = wT(2).

The latter calculations, supporting Eq. (19), also imply
"radial equilibrium," i.e., satisfaction of the radial momen-
tum balance. It is not difficult to show that, consistent with
Eq.(19),

if F = const. In writing Eq. (20) we have used the Gibbs
Equation and the fact that the flow is isentropic in the
present model.

We wish to apply Eq. (19) both for subsonic and super-
sonic relative tip Mach numbers. In the latter case, as
mentioned in the introduction, we must turn to lifting surface
theory. The reason for this will become apparent below;
it is related to the fact that the "wave drag" of an isolated
supersonic vortex is undefined.

The lifting surface theory is constructed from the Green's
function solution of Sec. II by distributing the bound vor-
ticity (with its corresponding wakes) over helical surfaces of
finite chord, c(rf). The local strength of the bound vorticity

s0, and

(21)

where cax = c cos<£. In the following we take a simplified
version of the general theory in which cax = const and
70?,£) = T(r/) cos00(£) so that, from Eq. (21)

= 1

In the explicit calculations presented in Sec. V we simplify
further, putting g(£) = (cax)~1. This is sufficient to demon-
strate the effect of acoustic radiation on the power required;
variations of g(£) over the chord simply introduce additional
radiation due to higher-order multipoles.

Proceeding in this way we compute ud(r,0,dx), vd(r,d,5x),
uu(r,6,Q)j vu(r,6fi) and carry out the indicated operations in
Eq. (19). Using the orthonormality of the radial and axi-
muthal eigenfunctions, we obtain

*dv> |r(r - O + 2 f;

2wU

£ IV Ro(Kok>n)e~**'*Gok*
k = l

(2hnk* + hnk Tnk) X

~ hnk(hnk + Tnk) -^ X

Re i(i\nk exp |Yl^f - An^5x~h (Gnk
d)\ +

47TJ7
X

2hnk(hnk

X

(exp [-2\nkdx}\Gnk*\* - \G»? 2) } (22)
where Re[ 1 indicates "real part." The "radiative terms,"
i.e., the power associated with acoustic radiation for super-
sonic tip Mach number, can be identified readily from the
presence of the sum over k from 1 to kn*.

The quantities GnK
d and GnK

u are complex functions of the
normalized chord, 5X given by

UU C8*j Uz= ^ Jo ̂ U
For the particular case g(Q = (cax) ~* we have

1 - exp -8X

inB
X.

(23)

The latter expressions were used in the explicit computations
presented in Sec. V.

For constant work design, T = const = C, all the %n's and
hnkS vanish, and the IV-' s are also identically zero. ^ Hence, for
constant work, the power required, wT(2) = }F(2) reduces
to

COS0

(22a)
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This result reveals that in the purely subsonic case, the
leading term, which is the same as the first-order result (Eq.
14), is in fact correct to second order if F = const.

The reduced result (22a) also reveals the necessity of using
lifting surface theory to obtain a meaningful result for the
acoustic power radiated for MrT > 1. It will be observed
that as 5X -> 0, corresponding to the concentrated bound
vortex case (or "lifting line"), all the GWs -*• 1. Hence, if
we could take this limit, the expression Eq. (22) would be
enormously simplified. However, as Eq. (22a) shows, this
limit cannot be taken inside the sums, since (when MrT > 1)
the sum over the radiative terms would then diverge. The
reader can easily convince himself of this by noting that as
n-> c°,kn*
l)1/2. But

(if MrT > 1) and /znje-* nBp

= r1
Jk (24)

independent of n, and the subsequent sum over n [cf. (22a) ]
does not exist. (This is in analogy with the result for the
wave drag of a lifting flat plate airfoil of chord c in supersonic
flow, for which Dwave ^ F2/c.) This difficulty does not
arise in the subsonic case. By retaining finite chord, co-
vergence is assured even in the mixed flow case.

A. Ideal Efficiency

At first glance, it would appear difficult to define a mean-
ingful efficiency since no losses are directly accounted for
in the theory.

We have seen however, that if F ^ const, a highly struc-
tured flow pattern appears downstream of the rotor, involv-
ing both concentrated free vorticity in the wakes and induced
three-dimensional flow between them [cf. Eq. (4)]. In
addition, if MrT > 1, acoustic radiation occurs, which increases
the required power input for a given F(r).

We adopt the point of view that only an appropriate aver-
age of the flow energy can be expected to be diffused by a
downstream stator and recovered as total pressure. The
remaining flow energy should be expected to be dissipated
(by mixing, say) or simply carried away by acoustic radiation.

To support this view, we have been able to show, by using
an exact integral of the momentum equation, that the average
over the flow annulus of the change across the rotor of the
total specific enthalp}' in duct coordinates is given by

= -PTU2C/ULT (25)

regardless of the distribution over the span of F(r) and inde-
pendently of whether or not acoustic radiation occurs.

We are lead in this way to define an " equivalent constant
work state'7 in which we replace the actual T(rf) by its
average C. We then take the "ideal" or "useful" power re-
quired to be that corresponding to this equivalent smooth
state, also omitting terms due to acoustic radiation. Wide*i
is then given by the leading term in Eq. (22a), correct to
second order. This in turn leads to the definition of an
"ideal efficiency" for any F(r)

e = PFideai/fl™ == [-(7_»C787rrr
2(l - hz)pTC/ULT]/WW

(26)

where W^ = coT<2), obtained from Eq. (22).
We may write TF(2) in the form W^ = Wide&i + AW^

where ATF(2) represents the terms in (22) which are quadratic
in F. Then

- e)/€ = (27)

In the purely subsonic case, for which ATF(2) is solely due
to the energy in the wakes, a fair approximation for this ex-

pression is

1 — e — pT

e 1 - h2
ULT /»i

C Jh

\
^ ULT

rr - c
ULT

X

(27a)

This result is obtained from Eq. (22) in the limit 5X —> 0,
with pT < ps so that all kn* are zero. In this limit all sums
over k can be carried out exactly in Eq. (22). Note that in
this case (subsonic flow) e = 1 if F = const, whether or not
the approximate expression Eq. (27a) or the more exact
version [Eq. (22) in Eq. (27) ] is used. Although not exact,
Eq. (27a) is a useful measure of the efficiency decrement
associated with departure from constant work design. Since
it no longer involves the radial eigenvalues and eigenfunctions,
it is extremely handy for examining trends under variation of
B or h (Sec. V).

Both Eq. (27) and Eq. (27a) are the ratio of terms quad-
ratic in F to a term linear in F. For this reason we may
normalize either expression with respect to any one of the
linear quantities derived in Sec. III. The results in Section
Y are given in terms of the quantities

(1 - e)/eCL or (1 - e)/e(-C/ULT) (28)

where CL is defined at the end of Sec. III. For our present
purposes it is sufficient to use the expression for the special
case cax = const, given immediately before Eq. (17).

The quantity (28) is independent of the magnitude
of F(r), depending only on the distribution of F(r) over the
span and geometrical properties of the rotor. Hence, it is
also independent of Mach number in the subsonic range
(MrT < 1) except in so far as the distribution of F(r) may
change with M for a given rotor geometry. However, for
MrT > 1? when acoustic radiation occurs, an explicit Mach
number dependence appears (Sec. V).

In the following section, we give results for the ideal effi-
ciency decrement which illustrate both the effect of departure
from constant work and the losses associated with acoustic
radiation.

V. Discussion of Results
It was shown in Ref. 5 that the wake functions Xn(p) may

be evaluated in the approximate form

J h I'(PT} df]'

X I J£ ( YI OT) C^F /* 1
~vm,—rrJ/-7-/(V— I I(VPT)i K (hpT) dri J v X

, dT_
dnf n'^idri' (29)drj

Here rjr is a dummy variable, but otherwise, the primes de-
note differentiation with respect to p = ^pT (cf. Sec. II A).
In the following we also use the approximate expressions of
Nicholson7 for the modified Bessel Functions.

As already noted, all results presented in this section are
for a uniform chordwise loading g(Q = (Cax)"1. For illustra-
tive purposes, the radial loading distribution is taken to be
of the simple form T(rj) ~ a + by. For 6 ^ 0 , and any h,
it is convenient to characterize the effect of deviation from
uniform F in terms of the parameter D ==s [F(rr) — F(r#) ]/C.

As our first example, we choose a rotor with 40 blades, a
hub-to-tip diameter ratio of 0.8, and a solidity, C^/LT, of
1.06. For B = 40 and h = 0.8 the necessary radial eigen-
values, Knk, and phase shifts,3-4 ynk, were worked out in Ref.
5. For this case, we illustrate the complete calculation,
computing both the wake losses (for D ^ 0) and the losses
due to acoustic radiation which occur as PT exceeds ps. In
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B = 40, h = 0.8 , Ca;./LT = 1.06

—— = -0.2 , D = 0.2213
ULT

M = 0.5, APPROXIMATE EXPRESSION (EO. 27a) USED
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Fig. 3 Dependence of efficiency on tip speed.

the latter situation, if D ^ 0, resonant modes appear (see Sees.
He and IV).

In the treatment of resonant modes, we assume here that a
mode is "resonant" if its corresponding \nk or iJLnk is such that
Kni? - (nMB pr)2/02| < 0.002(n£M pTY/P>. Thus, a

mode may be "resonant" and yet remain essentially subsonic
or supersonic (radiative) in character, depending on whether
Knk* — (nMB pr)2//32 is positive or negative. For resonant
modes, modified values of \nk or ̂ nk obtained by the method of
Ref. 3 are used, assuming a Reynolds Number UrT/v of 104.
To illustrate the effect of such modification, we note that for
B = 40, h = 0.8, M = 0.6 and pT = 1.70, /i4,6 = 35.24,
M4.7 = 6.64, and X4,8 = 39.63. The (4,7) mode is resonant
by the aforementioned criterion, and on the supersonic side
of its exactly resonant condition. Modification of this mode
accordingly yields ^4,7 = 18.92.

As regards the computation of the second order torque
from Eq. (22), we find that the series involving the %n's con-
verges very rapidly, and may be terminated after only 4 terms
in n with better than 1% accuracy. Of the remaining series,
those involving the radiative terms converge least rapidly.
As a result, at subsonic relative tip Mach number, where the
radiative terms are all zero, the first 4 or 5 in n will usually be
enough for an accuracy of better than 1% at any k. Con-
vergence in k is quite satisfactory. At supersonic relative
tip Mach numbers the series involving radiative terms with
coefficients of the type hni? or hnk Tnk converge in n rapidly
enough for termination after about 5 or 6 terms. On the
other hand, as we expect from Sec. IV, the series involving
radiative terms with coefficients ~Tnk2 [cf. Eq. (22a)] con-
verges essentially as n~2 at fixed k. From the well-known

B = 40, h = 0.8 , M = 0.5
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result

n = 1

—

~6

we can estimate that termination of this particular series after
10 terms yields a maximum error of approximately 6% at any
k. The actual error, because of the presence of the cosine
terms with dx ^ 0 (Sec. IV), is less because of compensating
effects among the various terms. Moreover, after summa-
tion over k, the net error is believed to be further reduced
since the error itself may oscillate in sign as k is increased.
Although the convergence of this series could be improved by
a variety of techniques, we believe that our present direct
computations, in which we terminate the sums over n after
10 terms are inadequate to illustrate the desired results.

The ideal efficiencies for B = 40 and h = 0.8 are presented
in Fig. 2 as a function of the dimensionless tip speed, pr, for
D = 0 and 0.2213, and for M = 0.5 and 0.6. For M = 0.5,
the relative flow at the tip becomes supersonic at a value of
PT = ps = 1.732. This point is identified by the shaded
circles in Figs. 3 and 4. The corresponding point for M =
0.6 is at PT = 1.333 and is identified by the shaded triangles.
For a given_value of D, the ideal efficiency decrement, nor-
malized to CL'J is independent of M, as long as PT < p,(M).
The losses in this region are entirely due to wake mixing, and
are zero for constant work flow, i.e., D = 0. These losses may
be regarded as being associated with the "induced drag" of
the blades.5 The dashed curve in Fig. 2 is an extension of
these "induced-drag losses" to transonic values of pr, and is
obtained by omitting the radiative terms from the second
order torque. The build up of wave energy losses for pr >
ps(M) is shown by the rapid departure of the solid curves
from this "base-curve." For D = 0, the only losses are due
to acoustic radiation, and the base-curve here is simply the
zero-loss axis.

To understand the nature of the build up of wave-losses, it
should be noted that as PT increases, kn* increases for fixed
n, and approaches infinity as n —>• oo. Thus, increasing pr
causes an increasingly larger number of modes to undergo a
transition from subsonic to supersonic in character, and
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hence, to become radiative. Moreover, since for each n the
dominant modes are those corresponding to low values of k,
and are the first to become radiative, it would be expected
that the acoustic energy initially builds up very rapidly once
PT becomes greater than ps(M), and then gradually levels
out. These phenomena are illustrated by Fig. 2.

Since we have normalized the efficiency decrement by
CL, which is a function of PT, we have also shown on Fig. 2
the dependence of this quantity on pr. Thus, for specified
values M and D, we can also obtain the variation of the
efficiency with pr for a given value of C/ULT. The magni-
tude of C/ULT is, of course, restricted by the need for con-
sistency with the linearizing assumptions of the analysis.
Thus, for example, if we limit the total pressure ratio across
the rotor to values less than 1.2, |C/t7Lr would be typically
about 0.3 or less. For illustration, we have plotted in Fig. 3
the variation of the ideal efficiency with PT for C/ULT =
-0.2 and D = 0.2213. We see here that the efficiency de-
creases almost linearly with pT until the rotor becomes
transonic, after which it drops rather sharply, tending to
level out at a value depending on the axial Mach number.

The terminal value of PT used in these calculation corre-
sponds to a tip relative Mach number of 1.19 for M = 0.5 and
1.183 for M = 0.6. At these Mach numbers, with B = 40
and h = 0.8, the reduction in efficiency is of the order of
~fo to T3o" °f !%• The smallness of these numbers, even for
20% departure from constant work, indicate that "induced-
drag losses" probably do not importantly degrade the com-
pressor performance of a rotor, if it has a large number of
blades and large hub-to-tip ratio. However, these results
are quite sensitive to the latter two parameters, and it is of
interest to investigate their effect.

For this purpose the approximate expression Eq. (27a), in
which all sums over k have been performed, is extremely use-
ful to a quick survey of the effects of B and h. To demon-
strate its usefulness, we compare in Fig. 4 the exact result for
(1 — e)/e, computed from Eq. (22) with pT < ps, with the
approximate result (27a) for B = 40 and h = 0.8. In Fig. 4,
the efficiency decrement is normalized with respect to —C/
ULiTj so the parameter cax/Lr enters only through 5X in
Eq. (22). The exact result is shown to approach Eq. (27a)
as cax/LT decreases, and in any case exhibits the same trend
with PT even for cax/Lr = 1.06.

In Fig. 5 results for the efficiency decrement obtained from
Eq. (27a) are shown as a function of pT for B = 40, with h =
0.8 and h = 0.5, and for B = 10 with the same two values of
h. In each case the deviation from constant work is held

constant at D = 0.2213. The following trends are immedi-
ately apparent. At fixed B and D, the wake losses decrease
with decreasing hub-to-tip ratio. This is to be expected,
since the nonuniformity in F is spread over a larger blade
span. On the other hand, at fixed h the losses increase sub-
stantially for rotors with a fewer number of blades, an effect
which is due to the heavier loading of the individual blades
and the increased "coarseness" of the wake flow behind the
blade row.

We note from Fig. 5 that for B = 10 and h = 0.5 a devi-
ation of 20% from constant work leads to fairly substantial
wake losses. These, combined with radiative losses in the
transonic regime, may then lead to an efficiency decrement
for such a rotor of close to 0.5% if a total pressure ratio of
about 1.2 is assumed. For B = 10 and h = 0.8 the wake
losses, as indicated in Fig. 5, are even larger and become sur-
prisingly sensitive to pT- However, this particular combina-
tion of B and h represents a rather unlikely compressor
configuration.

Finally, we observe that the efficiency decrement described
here increases linearly with increasing rotor loading. Al-
though the present linearized theory cannot be expected to
be accurate for total pressure ratios much in excess of 1.2, it
should give a reliable indication both of the trends and the
correct order of magnitude of the losses treated here, even
for higher loadings.
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